Abstract. In this paper, we construct compactifications of SL 2 (C)-character varieties of n-punctured projective line and study the boundary components of the compactifications. This study is motivated by the conjecture for the configuration of the boundary components, due to C. Simpson. We verify the conjecture for a few examples.
Introduction
Let C be a compact Riemann surface of genus g, and let {t 1 , . . . , t n } be the set of n-distinct points on C. For a positive integer r > 0, denote by P r the set of partitions of r, and fix µ = (µ 1 , . . . , µ n ) ∈ (P r ) n where µ i = (µ i 1 , . . . , µ i ri ) ∈ P r . For each partition µ i ∈ P r , let us fix semisimple conjugacy classes C 1 , . . . , C n ⊂ SL r (C) which is generic in the sense of [6] (Definition 2.1.1) and type µ 1 , . . . , µ n , that is, the multiplicities of eigenvalues of matrices in C i are given by µ i = (µ i 1 , µ i 2 , . . .). We consider a monodoromy SL r (C)-semisimple representation ρ : π 1 (C \ {t 1 , . . . , t n }, * ) → SL r (C) of type (g, µ), which satisfies the condition ρ(γ i ) ⊂ C i for each i, where γ i is a anticlockwise loop around the point t i . We can define the SL r (C)-character variety R g,µ of the n-punctured compact Riemann surface of genus g by the following categorical quotient R g,µ :={(A 1 , B 1 , . . . , A g , B g ; M 1 , . . . , M n )
M j = I r }//SL r (C).
Here we set (A, B) = ABA −1 B −1 and I r is the identity matrix. The variety depends on the actual choice of eigenvalues, but for simplicity we drop this choice from the notation. The categorical quotient R g,µ can be considered as a moduli space of monodoromy SL r (C)-semisimple representations of type (g, µ). The variety R g,µ , if nonempty, is a nonsingular affine variety of dimension (See [6] ). In the case of g = 0 and d g,µ = 2, SL r (C)-character varieties can be classified into four cases, which can be listed as follows: In the first and second types, the SL r (C)-character varieties are known to be an affine cubic surface. ( [3] , [11] , [5] , [13] ). The purpose of this paper is to study the configuration of boundary components of a compactification of SL r (C)-character varieties. This study is motivated by the following conjecture due to C. Simpson. Cojecture 1.1. There exist a non-singular compactification of R g,µ such that the dual graph of the boundary divisors is a simplicial decomposition of sphere.
The Main result is the following. For the cases of (1), (2) , the conjecture can be verified by the classical invariant theory. ( [3] , [11] , [5] , [13] ). However, it seems that the application of classical invariant theory is difficult for general cases. So, we construct a compactification of SL r (C)-character varieties as follow. At first, we will construct a compactification of the representation variety Rep g,µ :={(A 1 , B 1 , . . . , A g , B g ; M 1 , . . . , M n )
Secondly, we take the GIT quotient of this compactification. In particular, we consider the case of g = 0, r = 2, n ≥ 4, µ = ((1, 1) , . . . , (1, 1) ). In this case, we can compute the boundary divisors. For n = 4, we obtain the same result as classical invariant theory. Moreover, for n = 5, that is, the case of (3), the conjecture can be verified by using the compactification above. It seems that the configuration is rather complicated for n ≥ 6.
This conjecture is concerned with P=W conjecture of Hausel et al ( [2] ). In the case of n = 1, the non-Abelian Hodge theorem states that character varieties are diffeomorphic to moduli spaces M Dol of semi-stable Higgs bundles. For character varieties, one can define a Deligne's mixed Hodge structure. In view of [7] , The mixed Hodge structure is Hodge-Tate type. On the other hand, the Hodge structure on the cohomology H * (M Dol ) is pure. What is the meaning of the weight filtration W • of the cohomology of character varieties when viewed in H * (M Dol ) via the non-Abelian Hodge theorem? P=W conjecture is answer the question: the perverse Leray filtration P • of H * (M Dol ) that is naturally associated with the Hitchin map.
P=W conjecture is verified in the case of r = 2 ([2]). We may extend the conjecture to n ≥ 1. In this case, character varieties are diffeomorphic to moduli spaces of semistable parabolic Higgs bundles. We can verify the extended conjecture in the case of g = 0, ((1, 1), (1, 1), (1, 1), (1, 1)) and g = 0, ((1, 1, 1), (1, 1, 1), (1, 1, 1)). One may say informally that the weight filtration on the cohomology of character varieties, which is concerned by the boundary divisors, keep track of certain topological properties of the Hitchin map.
In Section 2, we give the definition of a SL r (C)-character variety. In Section 3, we consider the case where g = 0, r = 2, n = 4 and g = 0, r = 3, n = 3. In those cases, the character varieties is describe by invariants and a relation of invariants. We recall that the character varieties are an affine cubic surface. In Section 4, we consider the construction of a compactifiation of a SL 2 (C)-character variety of g = 0, µ = ((1, 1) , . . . , (1, 1) ). In Section 5 and 6, for n = 4, 5 we investigate the boundary components of the compactifiation.
Preliminaries
We fixed integers g, r, n with g ≥ 0, r > 0, n > 0, and let (C, t) = (C, t 1 , . . . , t n ) be an n-pointed compact Riemann surface of genus g, which consists of a compact Riemann surface C of genus g and a set of n-distinct points t = {t i } 1≤i≤n on C. Let D(t) = t 1 + · · · + t n for each (C, t) = (C, t 1 , . . . , t n ). We denote by
the fundamental group of C \D(t) with the base point * ∈ C \D(t). The group Γ C,t is generated by (2g + n)-element α 1 , . . . , α g , β 1 , . . . , β g , γ 1 , . . . , γ n with one relation
Here we set (α, β) = αβα −1 β −1 . The set of generators α 1 , . . . , α g , β 1 , . . . , β g , γ 1 , . . . , γ n is called canonical generators of Γ C,t . Definition 2.1. An SL r (C)-representation of the fundamental group Γ C,t is a group homomorphism (5) ρ : Γ C,t −→ SL r (C).
We denote by Hom(Γ C,t , SL r (C)) the set of all SL r (C)-representations of Γ C,t . If we fix a set of canonical generators of Γ C,t , we have the identification
Definition 2.2. Two SL r (C)-representations ρ 1 , ρ 2 are isomorphic to each other, if and only if there exists a matrix P ∈ SL r (C) such that
Let R r (g,n−1) denote the affine coordinate ring of SL r (C) 2g+n−1 . We consider the simultaneous action of SL r (C) on SL r (C) 2g+n−1 as
The invariant ring (R r (g,n−1) ) Ad(SLr(C)) is finitely generated. For any (C, t), there exists the universal categorical quotient map
The following lemme is due to Simpson. 
Let us set
For each a = (a
r−1 ) and define
Moreover we define a morphism
where [ρ] ∈ R r (C,t) and γ i is a anticlockwise loop around the point t i . The fiber of φ r (C,t) at a ∈ A (n) r is given by the affine subscheme of R
where
,r,a by R g,µ in Section 1, for simplicity. The affine subvariety R semi (C,t),r,a is called SL r (C)-character variety of the n-punctured compact Riemann surface of genus g. In particular, we denote by R r n,a this variety in the case where g = 0, µ = ((1, . . . , 1), . . . , (1, . . . , 1)).
If we take a generic a, the affine algebraic variety R semi (C,t),r,a is a non-singular irreducible variety of dimension
and has a holomorphic symplectic structure, if nonempty. (See [6] , [8] ). In particular, for g = 0, µ = ((1, . . . , 1), . . . , (1, . . . , 1)), the dimension of R r n,a is d 0, ((1,1) ,...,(1,1)) = 2n − 6.
invariant ring
Now we recall the explicit description of the invariant ring (R r (g,n−1) )
for the two cases g = 0, r = 2, n = 4 and g = 0, r = 3, n = 3. The following proposition follows from the fundamental theorem for matrix invariants. (See [4] or [15] ).
In particular, for r = 2, the elements
At first, we consider the case where g = 0, r = 2, n = 4. We denote by (i, j, k) a cyclic permutation of (1, 2, 3). Then the invariant ring (R
The following proposition is due to Frike-Klein, Iwasaki, and Jimbo ([3] , [11] , [5] ). Ad(SL2(C))) is generated by seven elements x 1 , x 2 , x 3 , a 1 , a 2 , a 3 , a 4 and there exists a relation
We have a surjective morphism
where t is a point of P 1 such that t = 0, 1, ∞. The fiber at a ∈ A
2 , such that the type of the multiplicities of eigenvalues is ((1, 1), (1, 1), (1, 1), (1, 1)), is an affine cubic hypersurface in C 3 . Hence, the SL 2 (C)-character variety of 4-punctured projective line is an affine cubic hypersurface,
The affine cubic hypersurface is called a Fricke-Klein cubic surface. We consider the natural compactification C 3 ֒→ P 3 as follow, setting x 1 = X/W, x 2 = Y /W, x 3 = Z/W , then we obtain the following homogeneous polynomial,
Substitute W = 0 to this equation, then we obtain the equation XY Z = 0. Hence, the boundary components consist of three lines. The dual graph is the following.
The dual graph is a simplicial decomposition of S 1 . Next, we consider the case where g = 0, r = 3, n = 3. We describe generators and defining relations for the invariant ring (R
The following proposition is due to Lawton [13] .
Ad(SL3(C)) is generated by
3 )
2 ). and there exist a relation
where f, g are polynomials of
We consider the subring A
Ad(SL3(C)) . We have a natural morphism
The fiber at a ∈ A
3 , such that the type of the multiplicities of eigenvalues is ( (1, 1, 1), (1, 1, 1), (1, 1, 1) ), is an affine cubic hypersurface in C 3 . Hence, the SL 3 (C)-character variety of 3-punctured projective line is an affine cubic hypersurface,
We consider the compactification C 3 ֒→ P 3 as follow, setting x 1 = X/W, x 2 = Y /W, x 3 = Z/W , then, we obtain the following homogeneous polynomial
We substitute W = 0 to this equation, then we obtain the equation X 3 + Y 3 − XY Z = 0. This equation define a plane cubic curve having a node. The dual graph is the following. dual graph
The dual graph is a simplicial decomposition of S 1 .
Remark 3.4. There are evidences of Hausel's P=W conjecture in case of npunctured compact Riemann surfaces. We can determine mixed Hodge structures of character varieties in the above two case. On the other hand, the character varieties are diffeomorphic to the moduli space of semi-stable parabolic Higgs bundle. So, each cohomology groups are isomorphic. We can consider the elliptic fibration on the moduli space. We can see that the wight filtration on the cohomology group of the character varieties coincides with the perverse Leray filtration of the cohomology group of the moduli space that is associated with the fibration. (See [2] ).
a compactification of the character variety
We construct a compactification of a SL 2 (C)-character variety of n-punctured projective line R n,k (k is date of coefficient of characteristic polynomials) by means of Geometric Invariant Theory for a compactification of representation variety.
We will introduce a compactification of the representation variety, due to Benjamin [1] . At first, we consider a construction of a compactification of SL 2 (C). We pick an embedding α of SL 2 (C) as a closed subgroup of P GL 3 (C). Such an embedding always exist, for we can find an embedding SL 2 (C) → GL 2 (C), and then follow this with the mapping GL 2 (C)
and the second arrow is the canonical projection. We regard P GL 3 (C) as an open subvariety of P(M 3 (C)), and define SL 2 (C) to be the closure of α(SL 2 (C)) in P(M 3 (C)), i.e.
Then we obtain a compactification of semi-simple conjugacy classes C i , denoted by C i ,
We can define a compactification of the representation variety.
Definition 4.2.
Remark 4.3. In general, for X ∈ SL 2 (C), there is no inverse. Since Tr(M
We extend the action of SL 2 (C) on Rep n,k from the simultaneous action of SL 2 (C) on Rep n,k .
We regard Rep n,k ⊂ C 1 × · · · × C n−1 as the closed subset in P 4 × · · · × P 4 . So we obtain a embedding in projective space by the Segre embedding. Let L an ample line bundle associated with this embedding. Then L admits SL 2 (C)-linearization with respect to the action.
For x = (M 1 , . . . , M n−1 ) ∈ Rep n,k , let
If I is not empty, we decompose
Here we set ♯I is the number of element in I. Let m 1 be a maximum value in ♯I 1 , . . . , ♯I k . Let
is semi-stable (resp. stable) point if and only if x is satisfied one of the following condition, (9) n − 1 ≥ 2m 1 + m 2 ( resp. > ).
Proof. For 1-PS λ : C * → SL 2 (C), we can take a suitable coordinate system such that t ∈ C * acts on the affine cone A 
The induced action on (n− 1)-th tenser product of the affine cone
i is given by matrix (t ri · δ ij ) for integers r 1 , . . . r 5 n−1 . Then, we define
where x * i is homogeneous point of
On the other hand,
Therefore, x is semi-stable if and only if the all points of orbit of x are satisfied the condition above. If m 1 ≤ ♯I/2, the all points of orbit of x are satisfied the condition above. We consider the case where m 1 > ♯I/2. We can determine I l such that ♯I l = m 1 uniquely, denoted by
semi-stable point if and only if
We obtain a compactification of a character variety.
The variety R n,k is a projective algebraic variety. This variety may have singular points in boundary. So, we should take a resolution of singular points of R n,k . In general, it is not easy to give a systematic resolution of singularities for any n. For n = 4, R 4,k is nonsingular. We only treat the case of n = 5.
Rep 4,k is defined by the following equations in
We analyze the stability. If e i = 0, e j e k = 0 (j, k ∈ {1, 2, 3} \ {i}), then x is unstable point if and only if x is a point of the orbit of (M 1 , M 2 , M 3 ) where
If e i = 0, e j = 0, e k = 0 and e i = 0, e j = 0, e k = 0, then x is unstable point if and only if x is a point of the orbit of (M 1 , M 2 , M 3 ) such that the two matrices in
Lemma 5.1. Semi-stable is equivalent to stable
is not stable if only x is normalized to
However, the matrices are not satisfied the following equation,
So, There are no not stable points. Before we consider the quotient of the tours group, we consider the normalized matrices above. The normalized matrices are defined by the following equations,
c 2 a 3 + k 2 e 2 c 3 = 0.
, we obtain the equation, (−a 
Therefore, the normalized matrices are defined by
. We consider the quotient by the tours group. The tours action on
We consider the SL 2 (C)-linearization L. The invariant sections are
The sections have the relation α
3 )s 3 = 0. Therefore, we obtain E 1 ∼ = P 1 . In the same way, we also obtain
We investigate the intersection of E 1 and E 2 . We substitute e 2 = 0 to the equations of divisor [e 1 = 0]. The equations are
The locus defined by the equations above is quadric curve in P 2 , i.e. P . Hence, the intersection is the quotient of P 1 minus two point above by torus action, that is, a point. In the same way, the intersection of E 2 , E 3 (resp. E 3 , E 1 ) is a point. Three components E 1 , E 2 , and E 3 do not intersect.
The compactification Rep 5,k is defined by the following equations in (
Tr(
We consider the stability condition. There is no point which has the stabilizer group having at least one dimension, except the points s 1 , s 2 , P s 1 P −1 and P s 2 P −1 where P = 0 1 −1 0 . Each stabilizer groups of s 1 , s 2 , P s 1 P −1 and P s 2 P −1 are the torus group T = a 0 0 a
We consider a resolution of semi-stable, non stable points. We take a blowing up along the orbits of s 1 , s 2 :
The simultaneous action of SL 2 (C) on R 5,k induces an action on R 5,k . By taking a blowing up, the condition of stable and unstable is unchanging. On the other hand, the points of the orbits of s 1 , s 2 and exceptional divisors are stable. The points of other orbits which converge to s 1 , s 2 by the action are unstable. Hence there is no semi-stable, non stable point in R 5,k . We will see that the quotient of the blowing up is non-singular. At first, we describe the blowing up of Rep 5,k along the orbit of s 1 . We consider Zariski open sets
. We can cover the orbit of s 1 by U 1 and U 2 . We put affine coordinates
by the transformation (15) . In the open set U 1 , the orbit of s 1 is defined by the following equations,
We can extend the action to the blowing up as following,
On the other hand, in the open set U 2 , the orbit of s 1 is defined by the following equations,
Hence,
where Rep 5,k is blowing up along the orbit of s 1 temporarily. The stabilizer group of any points in exceptional divisor is
This action is trivial. In the same way, we can describe a blowing up along the orbit of s 2 .
Theorem 6.2. In the case of n = 5, There exist a non-singular compactification of R 5,t such that the dual graph of the boundary is a simplicial decomposition of sphere S 3 .
Proof. On the other hand, the intersection ex 1 ∩ ex 2 is empty. As a result, we can describe the dual graph of the boundary components.
We discus the proof more precisely. We describe the dual graph of the boundary components of the quotient of R 5,k . We describe E i and investigate the intersection of E i and ex j (i = 1, 2, 3, 4, j = 1, 2). At first, in the same way of the case of n = 4, we take normalization of matrix where e i = 0. We consider the locus of the normalized matrices, denoted by D i . Secondly, we take a blowing up along the orbits s 1 , s 2 . The quotient of the proper transformD i by the tours action is E i .
We consider the case where e 1 = 0. Since We put S 3 , T 3 , U 3 , V 3 and S 4 , T 4 , U 4 , V 4 as the case of n = 4. Then, the locus of the normalized matrices is defined by the following equation in ([c 2 : e 2 ], [S 3 :
In the same way, we can describe the divisor D 1 in Zariski open sets c 3 = 0 and c 4 = 0. The divisor D 1 is non singular. Then, when we take the blowing up along the orbits s 1 , s 2 , the intersection of each exceptional divisor and proper transform D 1 is one component and normal crossing. The quotient ofD 1 is E 1 . Therefore, the intersection of E 1 and ex i (i = 1, 2) is one component and normal crossing. Similarly, we can see that the intersection of E j (j = 2, 3, 4) and ex i (i = 1, 2) is one component and normal crossing.
We investigate the intersection of E 1 and E i (i = 2, 3, 4). First of all, we consider the case of i = 2. We substitute e 2 = 0 to the equations of divisor D 1 . In the case of c 2 = 0, the locus is defined by the following equation in Zariski open set c 2 = 0. So the intersection in c 2 = 0 is obtained by the quotient of the hypersurface in (P 1 × P 1 ) × (P 1 × P 1 ) by the torus action. In the case of c 3 = 0, the locus is defined by the following equation in Zariski open set c 2 = 0. We put
(ta 4 + sc 4 )(c 2 s − k 2 e 2 t) = 0.
For c 3 = 0, c 4 = 0, we can describe the intersection of E 1 and E 3 , in the same way. Hence the intersection is not irreducible. We denote two component corresponding to D 
In fact, the matrices satisfy the condition Tr(M 1 M 2 M 3 M 4 ) = 0. On the other hand, the points of E t(c 2 a 3 s + k 2 e 2 c 3 s − c 2 b 3 t − k 2 e 2 d 3 t) = 0.
In the same way of the case of i = 2, the intersection of E 1 and E 2 is one component, denoted by E 12 . The component E 12 has the intersection with ex i (i = 1, 2). Similarly, we can obtain the intersection of E 2 and E 3 (resp. E 3 and E 4 ), denoted We investigate the intersection of E 1 , E i and E j , i, j = 2, 3, 4. The substance is that E + 13 and E 4 (resp. E − 13 and E 2 ) do not intersect. In fact, the intersection of D . We add the divisors ex 1 , ex 2 to the graph as (0, 0, 0, 1) and (0, 0, 0, −1). We glue together vertex ex i (i = 1, 2) and vertexes of graph above, and we glue together the triangles and the chambers. The dual graph is simplicial decomposition of S 3 .
